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This paper deals with multicriteria decision-making problems in which the criteria are partitioned
into g categories, and a prioritization relationship exists over categories. We aggregate the criteria
in the same priority category by a weighted OWA (ordered weighted averaging) operator and
introduce two averaging operators, a generalized prioritized averaging operator and a generalized
prioritized OWA operator. In the case with one criterion in each priority category, the two operators
reduce to the prioritized averaging operator and the prioritized OWA operator as proposed by Yager.
© 2012 Wiley Periodicals, Inc.

1. INTRODUCTION

Multicriteria decision-making (MCDM) problems, according to their nature,
the policy of the decision maker, and the overall objective of the decision may require
the choice of an alternative solution or the ranking of the alternatives from the best
to the worst ones based on their satisfactions to a collection of criteria. A central
problem in MCDM problems is the aggregation of the satisfactions to the individual
criteria to obtain a measure of satisfaction to the overall collection of criteria for
each alternative. In general, aggregation methods used reflect the decision maker’s
imperative and behavior of individual choice.!-?

For the case that one associates different importance weights with different cri-
teria, there are several approaches to obtain an overall satisfaction for each alternative
to all criteria, such as weighted means and weighted quasiarithmetic means.>~° By
using these aggregation methods, we allow a compensation between criteria, that is
the satisfaction to one criterion can be completely compensated by the satisfaction
to another criterion.
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In many real applications, there exists a prioritization relationship over the
criteria and we do not want to allow this kind of compensation between criteria.
Yager® -3 listed many examples to illustrate this kind of situations, such as selecting
a bicycle, an organization decision-making problem, and a document retrieval prob-
lem. He suggested that prioritization between criteria can be modeled by making
the weights associated with a criterion dependent upon the satisfaction to the higher
priority criteria. In Refs. 7 and 8, Yager introduced a prioritized scoring operator for
the case that there exist a prioritization between criteria categories and introduced a
prioritized averaging operator and an prioritized ordered weighted averaging (OWA)
operator for the special case that there is only one element in each criteria category.
For other prioritized aggregation techniques, please refer to Refs. 9-11.

For the case that there exists a prioritization between criteria categories, mo-
tivated by the work of Yager, we introduce two averaging operators, a generalized
prioritized averaging operator and a generalized OWA operator, by using weighted
OWA operators'? to aggregate criteria in the same priority category. For the special
case that there is only one criterion in each priority category, the two operators
reduce to the prioritized averaging operator and the prioritized OWA operator as
proposed by Yager in Refs. 7 and 8.

2. PRELIMINARIES
2.1. A Weighted OWA Operator

MCDM problems, suppose we have a set of criteria C = {Cy, Cp, ..., C,}
and a set of alternatives X = {x1, x2, ..., x,}. We further have a measure of the
satisfaction of criteria C; by each alternative x (x € X), C;(x) € [0, 1]. We calculate
an overall score C(x) for each alternative x as an aggregation of satisfactions C;(x):

Cx) = F(Ci(x), Ca(x), ..., Cu(x)).

We then use these overall scores to rank the alternatives.
If the form for F is a weighted averaging (WA) operator f,,,, then we calculate

C() = fua(C1(x), Co(x), ..., Calx)) = > w; Ci(x), (1)

i=1

where w; are the importance weights associated with the criteria C; and satisfy
w; € [0, 1], Zle w; = 1. In this case, the value C;(x) of the criterion C; by the
alternative x is weighted according to the weight w;.

In the case that there is no distinction between the criteria, Yager introduced an
OWA operator to aggregate numerical values, which has attracted many researchers
to study its properties and applications.'4~16

DEFINITION 1.13 Let w = (wy, wa, ..., w,) be a weighting vector such that w; €
[0, 11, >/, w; = 1. Amapping f .: R* — R is an OWA operator of dimension n

owa*
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if
n
fodara, .. a) =Y wib. )
i=1
where b; is the ith largest element in the collection ay, ay, . . ., a,.

From (1) and (2), we can see that the WA operator weights only the value of
the jth criterion (or information source) according to the weight w ;, whereas in the
OWA operator, each w; is attached to the jth value in a decreasing order without
considering which information source it comes from. To combine the advantages of
the two operators, Torra!?> defined a new combination function, called a weighted
OWA operator, which considers both the relevance of criteria (as the WA operator)
and the relevance of the values (as the OWA operator). In the weighted OWA
operator, two weighting vectors, p, corresponding to the relevance of the criteria
and w corresponding to the relevance of the values, are considered.

DEFINITION 2.2 Let p = (p1, p2, ..., pn) and w = (wy, wa, . .., w,) be two weight-
ing vectors of dimension n such that

pi €10,1] and Zpi=1; w; €[0,1] and Zwizl.
i=1 i=1

In this case, a mapping flowa: R" — R is a weighted ordered weighted averaging
(WOWA) operator of dimension n if

n
'f‘;]’j))a(al’az""ian) = Zvibiy (3)
i=1
where b; is the ith largest element in the collection a,, as, . . ., a, and the weight v;

are defined as

i—1

i
vi=w Y poiy | —w | Do pein |- 4)
j=1 j=1

with w* as a monotone increasing function that interpolates the points (;4, Z;=1 w;)
together with the point (0, 0) and is required to be a straight line when the points
can be interpolated in this way.
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From the conditions that the function w* satisfies in Definition 2, we can get

i—1

w*(x) = Z wi + wi(nx — (i — 1)) for
k=1

i—1 i
=x=-.
n n

&)

PROPOSITION 1.'2 The WOWA operator {1y . satisfies the following properties:

(1) the weight vector v = (v1, Vs, ..., V) satisfies Y ;_ v; = L.

(2) If p is defined as p; = %for alli =1,2,...,n, then the WOWA operator fI"  reduces
to an OWA operator with a weighting vector w.

(3) If w is defined as w; = %for alli = 1,2, ..., n, then the WOWA operator fl:"  reduces
to a weighted averaging operator with a weighting vector p.

(4) It is an aggregation operator that remains between the minimum and the maximum.

(5) It satisfies idempotency.

(6) It is monotone in relation to the input values.

2.2. Prioritized Aggregation Operators

Yager”® considered criteria aggregation problems in which a prioritization
relationship between the criteria exists and proposed a prioritized scoring operator,
a prioritized averaging operator and a prioritized OWA operator. The discussed
problem is described as follows: Suppose that we have a collection of criteria
C ={Cy, Cy,...,C,} and a set of alternatives X = {xy, x», ..., x,}. The collection
of criteria C is partitioned into ¢ distinct categories, Hy, H>, ..., H,, such that

H; ={Ci1, Ciz, ..., Cip, }.

Here C;; are the criteria in category H;, C = U, Hi,andn = Zf’:l n;. We assume
a prioritization between these categories H; > H > --- > H,. The criteria in the
category H; have a higher priority than those in Hy ifi < k. We assume that, for any
alternative x in X, we have for each criteria C;; a value C;;(x) € [0, 1], indicating
its satisfaction to criteria C;; . Our aim is to rank the alternatives in X.

Yager’ introduced a prioritized scoring (PS) operator Sfps 10, 11" = [0, 1]

SUCh that fps((allaaIZa ) alnl)’ L) (aql’ aq27 ] aqnq)) = l‘q:] (Zjl:] wijaij> .
Using this aggregation operator, we can calculate C(x) for alternative x as

q n;
CO) = fos(Ciix) = Y | D wijCij(x)

i=1 \ j=1

Here the weights w;; are a function of x and are used to reflect the priority
relationship. Yager’ used the following approach to obtain the weights w;; for
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a given_ alternative x: Let Sy =1, §; = min;{C;;(x)}, fori =1,2,...,q, and
T; = _Sk—1, fori =1,2,...,q. Then we take w;; = T;.

With w;; = T;, the aggregation value C(x) for alternative x could be calculated
by

q n; q ni
C(x)=ZZw,-jC5j(x)=ZTi Zcij(x) . (6)
i=1 j=1

i=1 j=I

Some alternative methods for calculating S; were introduced by Yager:’
(1) Use the OWA operator to aggregate the priority category H; = {C;y,
Cis, ..., C;,} and suppose

Si = fona(Cir(x), Cia(x), ..., Cin, (X)) = Y Wixhis(x), (7)
k=1

where W; is the OWA weighting vector associating with each priority category
H; and b (x) is the kth largest of C;;(x). The components W, of W; are such as
Wi € [0, 1] and ZZ’:I Wi = 1.

(2) Suppose that there is an additional local weight associating with each
criterion in H; and the form for H; is

H ={(Cij,gj) 1 j=12,...,n},

where g;; indicates the importance of C;;, satisfying g;; € [0, 1] and Z;":I gij =L
In this case, S; is calculated by

Si = fua(Ci(x), Co(x), ..., Cin, (X)) = Y _ g Cij(x0). ®)

j=1

Another method for calculating S; involves the idea of combing these local weights
with the OWA weights. Suppose W; = (W;, Wia, ..., Wiy,) is the OWA weighting
vector associating with each priority category H;, b;x(x) is the kth largest value of
Cij(x), and dj; is the importance weight associated with the kth largest value of
Cij(x). We calculate

dix Wik
hik = =i
Dokt dik Wik
Using this, we calculate
Si =Y hicbix(x). )
k=1
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For the case that there exists prioritization relationship between categories,
Yager used different methods to calculate S;, but the above aggregation operator
defined by (6) is a scoring operator and not an averaging operator, which is illustrated
by Yager in Ref.” Furthermore, in the case with one criterion in each category H;,
Yager’-® proposed a prioritized averaging (PA) and a prioritized OWA (POWA)
operator.

In the following section, we introduce two averaging operators for the general
case that a prioritization exists between categories H;.

3. GENERALIZED PRIORITIZED AVERAGING OPERATORS

Here we also assume that we have a collection of criteria C partitioned into
q distinct categories, Hi, Ha, ..., H,, such that H; = {C;1, Ci2, ..., Ciy,}. Here
C =L, Handn = Y! | n;. We assume a prioritization between these categories
Hy > Hy > --- > H,. For each H;, we assume we have

H; ={(Cij,gij),j=1,2,...,n},

where g;; are the additional local weights associating criteria C;; in H; and satisfy
gij €10,1] and Z;Ll gij = 1. C;j(x) are defined as in Section 2.2.

To aggregate the criteria in each category, we associate with each category
H; an OWA weighting vector W; of dimension n;. The components W;, of W;
satisfy Wi € [0, 1] and >}, Wy = 1. Since g; = (g1, &2, - - - » &in;) be the lo-
cal weighting vector of the priority category H; and W; be the OWA weighting
vector associated with H;, we use the WOWA operator to aggregate the criteria
in each category and take S; as the WOWA-aggregated value for the collection
Cii(x), Cia(x), ..., Cin;(x). That is,

Si = fm(Ci(x), Cio(x), .. .., Ciy, (X)) (10)

wowa

We suppose So =1, T; = Hf{:lSk,l =8_1T;_) for i=1,2...,q, and T =
?_, T;. Then we can obtain normalized weights #; = % associated with category
H; (i =1,2,...q). Using this we calculate, the aggregated value

q
C(x) = F(Cij(x)) = Y _1;Si. (11

i=1
We refer to it as the generalized prioritized averaging (GPA) operator.
Remark 1. (1) If n; = 1 for all i, then S; = C;(x) and the GPA operator reduces to

the PA operator proposed by Yager in Ref. 7.
(2)If g;; = - forall i and j, then

Si = foma(Cir(x), Cia(x), ..., Cin, (x)).

owa
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(3)If W;; = - foralli and j , then
Si = f3(Cii(x), Cin(x), ..., Cin,(x)).

For the cases (2) and (3), the formulas for calculating S; are the same as the formulas
(7) and (8) used by Yager to aggregate the priority category H; in the prioritized
scoring operator.

PROPOSITION 2. The aggregation F : [0, 1" — [0, 1] defined by Formula (11) sat-
isfies the following properties:

(1) It is an aggregation operator that remains between the minimum and the maximum.
(2) It satisfies idempotency.
(3) 1t is monotone in relation to the value C;;(x).

Proof. (1) From the formula (10) for calculating S; and (4) in Proposition 1, we
can obtain that

min{C;;(x)}} < §; < max{C;;(x)}.
j j

Since min;;{C;;(x)}} < min;{C;;(x)}} and max;;{C;;(x)}} > max;{C;;(x)}}, we
have

min{C;;(x)}} < §; < max{C;;(x)}.
ij tj

Also since Y 7,1, =1, C(x) = Y7, #;S; remains between the minimum and the
maximum.

(2) Since the WOWA operator satisfies idempotency, we have S; = a if C;;(x) =
a foralli and j. Also since Y 7_, #; = 1, we have C(x) = >1_ 1;S; = a.

(3) For

Clx) = F(Cri(x), Cia(x), ..., Cipy (1)), - .., (Cqi(x), Cga(x), - ..., Cygn, (X))

-3 7

i=1

Si

'ﬂlﬁ

0bV10usly, F(Cijx) =1+ S‘Sz— . To obtain the monotonicity, we have to show

that > (Qforeachi =1, 2, ...,q,j=1,2,...,n;. Using the derivation rule

0 C,’j (X)
International Journal of Intelligent Systems DOI 10.1002/int
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of composite functions, we have

OF _ dF 35
IC;;(x) 38 9C;(x)’

By Proposition 1, one can obtain that each S; is increasing with respect to Cij(x),
Cir(x), ..., Cin(x), which implies that -25_ > 0 for each i = 1,2,...,q,j =

BCij(x)
1,2,...,n,».Nextwepr0ve% >(0foreachi =1,2,...,q.
Obviously,
OF _SiSa S
08, T -
oF _ S182 - 8g—28;T — (51828, — DS182 -+ Sy
3S,-1 T2

> 0.

For1 <i < g — 2, we have

IF S182- - Sic1Sip1 - SgT —(S182-+- 84 — 1)§—§

3S; T2
Note that
oT
35 = S18 S (L+ 811 + Siv1Sig2 + oo+ Sip1Sipa - Sg—1)

=T,(1+ Sig1 + -+ Sig1---Sg-1) = 0.
We decompose T as
Tr=M+T+ - +T)+Tn(d+ S+ Sic1Sip2+ -+ Sig1 -+ Sg—1)-
Hence

oT
dS;
=858% - SiaSiq- S+ Th+--+T)

S18 - Sic1Sip1 - ST —(S182---8 — 1)

+ 8518 Sic1Siv1 - Sy Ty (L + Sigr + -+ Sigr - Sg-1)

oT
=818+ 85, Ti(1 +Si+l+Si+ISi+2+"‘+Si+l"'Sq—1)+§
I
aT
:SIS2"'Si—ISi+1"'Sq(T1+T2+"'+Ti)+ﬁZO,
i
which yields that 2£ > 0, for 1 <i < g — 2. [ |
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Example C. onsider the following prioritized collection of criteria:
Hy = {(C11,0.6), (Ci2, 0.4)},
Hy = {(Ca1, D},
H; = {(C31,0.2), (C32,0.4), (C33, 0.4)},
Hy = {(C41,0.8), (C42, 0.2)}.
Assume for alternative x, we have

Cn(x)=0.7,
Ci(x) =1, Cy(x) =0.9,
C31(x) = 0.8,

Can(x) =1, C33(x) = 0.2,
Cy(x) =1, Cp(x) =0.9.
We associate with each priority category H; an OWA weighting vector W; as follows:

Wi =(0.3,0.7),

Wy = (D),

W5 =1(0.3,0.5,0.2),
Wy = (0.5, 0.5).

For priority category H;, using W; and Formula (5), we can get the function
w* such that

*(x) = 0.6x, 0<x<0.5;
W =1034072x—1), 05<x<1.

In this example Ci(x) = 1 > Cy;(x) = 0.7. From this, we get
w*(g12) = 0.24, w*(g2 + g11) = L.
Using this and Formula (4), we get the WOWA weighting vector V; = (v1y, v12),
where
v11 =024 -0=0.24, v =1—0.24 = 0.76.
So we get the aggregated value S; for category H;:
S = flf)'};u%‘ (Ci11(x), C12(x)) =0.24 x 1 +0.76 x 0.7 = 0.772.
Similarly, we calculate
S, = fisbd (Ca(x)) = 0.9,
S3 = fiswe (C31(x), C(x), C33(x)) = 0.7,
Ss = fitwa (Car(x), Cap(x)) = 0.98.
Using this, we get
=1,
T, =81 =0.772,
T; = ST, = 0.695,
Ty = S3T3 = 0.487,
and
T=Y,, T =295
Thus, we obtain
n=1 =034,
n=2=0.26,
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=% =024,

=% =o0.1e.

We now calculate , C(x) = Z?:l ;S; = 0.82.

In the preceding discussion, we use the WOWA operator to aggregate criteria
in each category H; and obtain the aggregated value, denoted by S;, which indicates
the overall satisfaction to the category H; by alternative x. We then aggregate

the collection Sy, S, ..., S; by using the PA operator and obtain the multicriteria
aggregation for alternative x.
We now consider to aggregate the collection i, S,,..., S, based on the

WOWA operator. We introduce an aggregation operator F : [0, 1]* — [0, 1] such
that

F((all7 0127 MR aln])s M) (aql7 C]q27 MR Qqnq)) = f;’o‘lz)a(SI, S2s MR Sq) (12)

where S; = flﬁig’luw,;(ail, ai2, - - ., Ain,), W = (w1, wa, . .., wy) is the OWA weighting
vector associated with the categories, and ¢ is the weighting vector determined by
the prioritization between categories and the aggregated values S;. We refer to it as
the generalized prioritized (GPOWA) operator.

Using this aggregation operator, we calculate C(x) for any alternative x as

C(x) = F(Cij(x)) = fLV (S1, 82, ..., Sy),

powa

where S; = zﬁi,’,m (Ci1(x), Cia(x), ..., Ciy,(x)) and W is the OWA weighting vector

associated with the criteria categories. The component #; of the weighting vector 7
is calculated by t; = % i=1,2,...,q.Here S =1,T; = Ij_;S—1 = Si—1T;—
fori=1t0q,andT =Y 1 | T,.

Remark 2. (1) In the case that there is only one element in each priority category,
the GPOWA operator reduces to the POWA operator proposed by Yager in Ref. 8.
(2) If W is defined as w; = % foralli =1,2,...,q, the GPOWA operator
reduces to the GPA operator.
(3) In the GPA and the GPOWA operators, we can adopt the Formula (9) to
aggregate the criteria in each category. That is, we calculate

Si = Z hixbir(x).

k=1

Here h;;, = %, bix(x) is the kth largest value of Ci;(x) (j =1,2,...,n;),
k=1 @i ik '
and dj; is the importance weight associated with the kth largest value of C;;(x).
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4. CONCLUSIONS

We consider criteria aggregation problems in which a prioritization relation-
ship exists over the criteria. We use the WOWA operator to aggregate criteria in
each category H; and obtain the aggregated value, denoted by S;, which indicates
the overall satisfaction to the category H; by alternative x. We then determie the
importance weights of the categories by using the collection of Sy, S5, ..., S, and
the priority relationship between the categories. With these importance weights
and the WA or WOWA operator, we aggregate the collection Sy, S5, ..., S, and
obtain the multicriteria aggregation. On the basis of these ideas, we introduce two
averaging aggregation operators, which generalize the PA and POWA operators
introduced by Yager in Refs. 7.8.
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